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Abstract
The most general geometrical scenario in which the brane-
world program can be implemented, consistently with the
confinement of gauge interaction, the existence of quantum
states, and the embedding, is examined in a bulk with arbi-
trary dimensions, signature and topology. We find that the
embedding equations are compatible with a wide class of La-
grangians, including the Einstein-Hilbert Lagrangian as the
simplest one, provided minimal boundaries are added to the
bulk. A non-trivial canonical structure is derived, suggesting
a canonical quantization of the brane-world geometry relative
to the extra dimensions. The classical limits of the quantum
states are set in correspondence with high frequency gravi-
tational waves. It is shown that in the cases of at least six
dimensions, there exists a confined gauge field included in the
embedding structure. The size of extra dimensions is found
to be approximately compatible with the expression derived
with the product topology.
pacs 11.10.Kk, 04.50.+h, 04.60.+n
I. INTRODUCTION
The brane-worlds program proposes a solution of the
hierarchy problem at the TeV scale, assuming that the
usual matter and standard gauge interactions remain
conned to a four-dimensional space-time embedded in
a higher dimensional bulk, while the extra dimensions
are probed by gravitons. The size of the extra dimen-
sions is of the order of tenths of millimeter, as derived
from the eective Planck scale in four dimensions and
the fundamental TeV scale in the bulk [1,2].
Brane-worlds inherits its name and some basic ideas
from Horava-Witten’s M-theory, where the standard
model of interactions contained in the E8 E8 heterotic
string theory is also conned to a 3-brane, but gravitons
propagate in the 11-dimensional bulk [3]. However, the
use of large extra dimensions and conned gauge inter-
actions in higher dimensional models has been also con-
sidered earlier, under distinct motivations [4]. Also, the
idea of a space-time embedded and evolving in a higher
dimensional space has been proposed in various related
applications, such as the generation of internal symme-
tries, quantum gravity, alternative Kaluza-Klein theories
and cosmology [5]. Most of the recent developments con-
cern with hypersurface brane-worlds, more specically
using the AdS5 bulk, often depending on specic met-
ric ansatzes. Some other results in higher dimensions
are obtained under the hypothesis of a bulk with prod-
uct topology M4 BN , for some N-dimensional internal
space BN .
Among current problems we may cite the lack of a
consistent explanation for the number of dimensions of
the bulk, its topology and metric signature; the size and
stability of the region probed by gravitons and above
all, the absence of a denitive action principle for brane-
worlds. Some applications and reviews can be found in
[6,7].
As the program stands today, leaving aside model
dependent properties we may identify one main phe-
nomenological principle, dening the fundamental scale
of interactions at the TeV, and three basic theoretical as-
sumptions: The quantum fluctuations of the space-time
geometry at the TeV scale, the connement of the gauge
interactions and the embedding of the space-time.
The purpose of this paper is to study in the most gen-
eral situation the compatibility between those principles,
assuming that the bulk has an arbitrary number of di-
mensions, arbitrary signature and topology. To avoid the
limitations imposed by the hypersurface condition or by
use of a specic topology, we will consider brane-worlds
in the broader sense, characterized only by the mentioned
basic principles. That is, as dynamically embedded sub-
manifolds, such that they retain the gauge interactions
conned within and that they exhibit some sort of quan-
tum fluctuations.
One of our results shows that under those very general
conditions the Einstein-Hilbert action arises naturally as
the simplest action derived from the embedding equa-
tions. If required, it is also possible to construct higher
derivative actions and combinations thereof, consistently
with the embedding structure. This result improves the
theoretical perspectives of the program , which up to now
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relies upon the direct application of Einstein’s equations.
Although not much has been said about the symme-
tries of the extra dimensions, it seems fair to assume that
the extra dimensions do not necessarily share the same
dieomorphism invariance as the space-time coordinates.
Using this, we were able derive a canonical formulation
of brane-worlds and sketch the corresponding quantum
theory relative to the extra dimensions.
Another result shows that when the number of extra
dimensions is greater than one and that they admit an
isometry group, the embedding equations contain a con-
ned gauge-like potential, whose gauge group is dened
by that symmetry. In this case, we can also derive the
number of extra dimensions from the gauge group.
Finally, we nd that the typical length of the extra di-
mensions which can be probed by gravitons and is com-
patible with the embedding, is dierent from that es-
timated with the use of a product topology. However,
for small incursions in a region where the embedding is
smooth the dierence appears to be negligible.
The paper is organized as follows: In section II brane-
worlds are described from the point of view of geomet-
ric perturbations, where each perturbation remains an
embedded submanifold. The Lagrangian for the higher
dimensional space geometry is derived from Gauss’ equa-
tion, without appeal to any particular symmetry in sec-
tion III. A non-constrained canonical structure is also de-
rived. In section IV we discuss the corresponding quan-
tum description of a brane-world and the induced topo-
logical changes. Section V shows the conned gauge eld
included in the embedding and its implications on the
number of the extra dimensions. The size of these di-
mensions compatible with the embedding is discussed at
the end.
II. PERTURBATIONS AND STABILITY
The electromagnetic, weak and strong interactions to-
gether with the conned matter produce tensions, pres-
sures and energy in the brane-world, which in turn cause
deformations on its geometry. Therefore, it would be nat-
ural to approach brane-worlds from the point of view of
perturbations of the conned energy-momentum tensor.
However, the embedding condition implies that this vari-
ation also causes a variation of the extrinsic curvature,
usually given by junction conditions. Besides being not
unique, these conditions may impose strict conditions on
the matter source [8]. A simpler and more general proce-
dure has been suggested, starting with the perturbations
of the brane-world geometry. This has the advantage
that it does not require particular symmetries and it can
be applied to any number of dimensions [9]. In fact, we
shall see that brane-worlds may be described as a fam-
ily of stable perturbations of a given locally embedded
background space-time.
The local embedding is constructed in a neighborhood
of each point of the brane-world, dening an embed-
ding bundle whose total space consists of all embedding
spaces. Then, the local embedding equations are derived
from the curvature tensor of the local embedding space,
written in the Gaussian frame dened by the embedded
submanifold and the normal vectors [10]. From the point
of view of brane-worlds, this amounts to have a dynamic
bulk whose geometry depends on that of the brane-world,
as opposed to a static or rigid embedding.
Perturbations of embedded submanifolds with respect
to a transverse direction has been used as a way to gen-
erate embedding theorems along the following lines [11]:
Consider background Vn with metric gij , isometrically
embedded in VD, by a map X : Vn ! VD such that1.
Xµ,i X ν,jGµν = gij ; Xµ,i νAGµν = 0; µAνBGµν = gAB (1)
where we have denoted by Gµν the metric of VD in arbi-
trary coordinates and gAB denotes the components of the
metric of the complementary space orthogonal to Vn, in
the basis fAg. The perturbations of Vn with respect to a
small parameter s along an arbitrary transverse direction
 is given by
Zµ(xi; s) = Xµ + s£ζX¯µ = X¯µ + s [;X ]µ: (2)
The presence of components of  tangent to Vn is a cause
for concern because it can induce undesirable coordinate
gauges. In geometric perturbations it is possible to ob-
tain coordinate gauge independency simply by selecting
the µ to be orthogonal to the background. In this case,
we obtain the perturbations of the embedding map along
a single orthogonal extra direction A as
Zµ,i(x; sA) = Xµ,i (x) + sAµA,i(x): (3)
Since the vectors A are independent and they depend
only of xi, it also follows that
µA(x
i) = µA + s
B[B; A]µ = 
µ
A (4)
However, it is not obvious that this perturbation repre-
sents a new submanifold or even that it is embedded in
the same VD. For example, the Schwarzschild space-time
is known to be isometrically embedded in a six dimen-
sional flat space with metric signature (4; 2). Its maximal
analytic extension, the Kruskal space-time is also embed-
ded in a six dimensional space, but with metric signature
1All Greek indices run from 1 to D. Small case Latin indices
run from 1 to n and capital Latin indices run from n + 1 to
D. The covariant derivative with respect to the metric of the
higher dimensional manifold is denoted by a semicolon and
ξ;i = ξ

;γX¯ γ;i denotes its projection over Vn. The curvatures
of VD are distinguished from that of Vn by a calligraphic R.
Since we have not fixed the signature of VD the notation G =
|det(G)| is used throughout.
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(5; 1) [16]. The Kruskal space-time may be seen as a per-
turbation of the Schwarzschild space-time such that it
becomes geodesically complete. Although the latter is a
subset of the former, they do not t into the same flat
bulk, unless the signature of the six dimensional space is
allowed to change. This exemplies how in the general
case the evolution of brane-worlds may include similar
situations and suggests that the geometry and topology
of the bulk should not be xed.
The integrability conditions for the perturbed geome-
try are the Gauss, Codazzi and Ricci equations, respec-
tively
Rijkl = 2gMNki[kMkl]jN +RµνρσZµ,iZν,jZρ,kZσ,l
ki[jA;k] = gMNA[kMAkj]iN +RµνρσZµ,iνAZρ,jZσ,k (5)
2A[jAB;k] = −2gMNA[jMAAk]NB
− gmnk[jmAkk]nB −RµνρσZρ,jZσ,kνAµB
These equations guarantee the stability of the perturbed
manifolds in the sense that they remain stable as em-
bedded geometries. The rst two equations have been
extensively applied to the analysis of brane-worlds in
ve dimensions [8], but as a whole they have not been
appreciated in the case D  6. Assuming that these
equation hold true for all perturbations, the result is an
N -parameter family of embedded submanifolds charac-
terized by the parameters sA, suitable for a perturbative
description of the brane-worlds, after implementing the
connement and the quantization.
We shall see in that (5) leads to the dynamics for brane-
worlds in any number of dimensions, independently of
any additional assumption on the geometries of VD and
Vn.
The quantum states of the gravitational eld relative
to the extra dimensions can be associated with the clas-
sical oscillations of the brane-world geometry along those
dimensions. This may be derived from (3) and (4), which
induce a perturbation of the metric of Vn, written in gen-
eral coordinates as
gij = gij + ij(xi; sA)
In particular, the linear perturbation obtained from the
expansion in sA can be written in arbitrary coordinates
as
gij = gij + AγijA(xi)
where (A)2 << A is proportional to sA. Applying this
to Einstein’s equations under the de Donder gauge, we
obtain the linear wave equation relative to the extra di-
mensions, where the back reaction of the background
geometry must be taken into consideration. The wave
equation is written in the most general form as
2ijk`ΨijA(x; s) = 8GTk`A (6)
where ΨijA = γijA − 1=2γAgij , γA = gmnγmn and where
2ijk` = gijrkr` + 2 Ri jk` + 2 Ri(k j`) (7)
is the generalized (de Rahm) wave operator, containing
curvature terms of the background geometry, which can
be interpreted as topological mass terms. For the mo-
ment the nature of the source TijA is irrelevant and is
left unspecied.
Now, assuming that the solutions of (6) correspond to
the quantum fluctuations of the brane-world, they must
represent gravitational waves of high frequency. That is,
with a small wavelength  as compared with a local in-
variant characteristic length of the brane-world geometry,
the curvature radius [12]. The curvature radius plays a
relevant role on the determination of the classical modes
and it must be expressed in terms of the extrinsic ge-
ometry. For this purpose, consider the embedding equa-
tions of the perturbed geometry written in the particular
Gaussian frame dened by the embedded geometry and
the A’s
Zµ,iZν,jGµν = gij ; Zµ,iνAGµν = giA; µAνBGµν = gAB (8)





AGµν = µB;iνAGµν = AiAB (9)
Replacing (3) in (8), we may express the perturbed met-
ric in the Gaussian frame dened by the embedding as
gij = gij − 2sAkijA + sAsB(gmnkimAkjnB
+ gMNAiMAAjNB) (10)
and the perturbed extrinsic curvature
kijA = −Zµ,iνA;jGµν
= kijA − sB(gmnkmiAkjnB + gMNAiMAAjNB) (11)
The curvature radii of the background Vn are the nN
values Ai of s
A, one for each principal direction dxi and
for each normal A, satisfying the homogeneous equation
[10]
(gij − sAkijA)dxi = 0; A xed: (12)
Then, the curvature radius  can be dened by the small-
est of these solutions, corresponding to the direction in
which the brane-world deviates more sharply from the
tangent plane. Considering all contributions of Ai , in
such a way that the smaller solution of (12) prevails, the











Since (10) can also be written as
gij = gmn(gim−sAkimA)(gjn−sBkjnB)+gMNAiMAAjNB
it follows that the components
3
~gij = gmn(gim − sAkimA)(gjn − sBkjnB) (14)
become singular at the solutions of (12). Therefore, gij








becomes also singular at the points determined by those
solutions. Of course, this does not mean a real singularity
in VD but a property of the Gaussian system dened by
the brane-world Vn. However, this singularity breaks the
continuity and regularity of the integrability equations
(5) and of the wave equation and consequently of high
frequency waves originating from the brane-world per-
turbations. Therefore, even if this follows from a local
coordinate condition, the curvature radius  sets a local
limit for the region in the bulk accessed by the gravitons
which are associated with those waves.
III. EQUATIONS OF MOTION
Among the three independent variables gij , kijA and
AiAB in (5), only gij is normally assumed to propagate
along the extra dimensions. However, comparing (11)





which shows that the extrinsic curvature also propagates
in the bulk, as a consequence of the metric propagation.
Finally, from (9) it follows that the third variable AiAB
does not propagate.
Since we are not using any metric ansatz, we must
follow a more general procedure (as compared with the
use of the Weyl decomposition of the curvature tensor,
sometimes associated with conformal flatness) to nd a





it follows from (8) that µνGµν = n and µναAGµα = 0,
so that
µν = Gµν − gABµAνB (17)
Using (17), the contractions of the rst equation (5) gives
the Ricci scalar of the perturbed geometry
R = (k2 − h2) +R− 2gABRµνµAνB (18)
− gABgMNRµνρσµAσBνMρN
where k2 = kijAkijA, hA = gijkijA and h2 = gABhAhB.






Therefore, (18) reduces to
R = R− (k2 + h2)− 2hA,A
where the divergence can be discarded under a volume
integration on sA, provided the mean curvatures hA van-
ish at given boundaries. This is automatically satised
when we assume that these boundaries are minimal sub-
manifolds. This assumption is equivalent and explains
the minimal boundaries used in the dynamics proposed
in [2]. With this, after discarding this divergence we ob-
tain the Einstein-Hilbert Lagrangian for the brane-world
geometry
L(g) = Rpg = Rpg + (k2 + h2)pg (19)
Consequently, the dynamics of the gravitational eld in
brane-worlds follows from the Einstein-Hilbert dynamics
of the bulk, modied by the extrinsic curvature term.
Obviously, we may also construct other scalar invari-
ants with contractions of various curvature terms and
their powers to obtain higher derivative Lagrangians, or
even an innite series leading to the Nambu-Goto action.
The Einstein-Hilbert Lagrangian (19) is just the simplest
one that can be derived from the embedding equations
(5).
As in general relativity, we subtract to (19) the La-
grangian of the conned matter Lm. Then, the eld
equations for the brane-world metric gij , with the con-








where we have denoted
Qij = gAB(bmiAbjmB − hAbijB)−
1
2
(k2 − h2)gij (21)
and




In most known models, depending on how the bulk ge-
ometry is dened, the last term Sij vanishes. On the
other hand the term Qij depends essentially on the ex-
trinsic curvature and it does not necessarily vanish, even
when the bulk is flat. Therefore, even in some simple
models this term eectively modies the usual Einstein
dynamics. We will discuss its meaning in a cosmological
application in a subsequent paper.
The momentum conjugated to Gαβ , relative to the ex-









and in particular, using (16) we obtain the components
pij(A) = −(kijA + hAgij)
pG (23)
which corresponds to the propagation of gij along A.
The connement hypothesis implies that any gauge
elds and matter sources which could eventually be con-
tained in the extra components of the bulk metric should















pG = 0 (25)
These constraints are also consistent with our previous
choice of orthogonal perturbations given by (3) and (4).
The Hamiltonian corresponding to the displacement
along a single direction A, can now be derived from the
Legendre transformation
HA(g; p) = pij(A)gij,A − L =













































The rst of these equations coincides with York’s relation
(16) expressed in terms of pij(A), giving the propagation
of the metric in terms of the extrinsic curvature. The
second equation expresses the variation of the extrinsic
curvature of the perturbation in terms of piAB . There-
fore the canonical formulation dened by (27) and (28)
describe the same motion of the brane-world as the one
given by the perturbative analysis in section II.
IV. QUANTUM STATES
Since the extra dimensions are probed by gravitons at
the TeV scale, any brane-world theory requires a descrip-
tion of quantum states of the geometry, which is eective
at that scale of energy, consistently with the embedding
and the connement.
The compactication of the extra dimensions down to
Planck’s length was introduced to make Kaluza-Klein
theory compatible with quantum mechanics, where the
normal modes of the harmonic expansion with respect to
the internal parameters were set in correspondence with
quantum modes [13]. As we know, in that theory the
strong curvature of the internal space contributes to large
mass fermion states, which are not observed at the elec-
troweak scale. If the extra dimensions were large or non
compact, then we would obtain massless or light Kaluza-
Klein modes, which could be observed at that energy
scale. However, it is not clear that these modes still keep
a correspondence with quantum states.
In the context of brane-worlds, only the gravitational
eld is expanded along the extra dimensions, with modes
associated with gravitational waves [14]. This solves
the fermion chirality problem but the metric expansion
should hold independently of the fact that these dimen-
sions are large and compact or non-compact. In other
words, the quantum correspondence must be indepen-
dent of the bulk topology. As we have already remarked,
these gravitational waves make sense only for high fre-
quency waves, which depend on the local geometry of
the background, rather than on the topology of the bulk.
In the previous sections we have seen that the same
perturbations that lead to the wave equation also lead
to a canonical formulation derived from the Hamiltoni-
ans (26). Consequently, the quantum states associated
with the high frequency waves can be, at least in prin-
ciple, dened by the canonical quantization dened by
those Hamiltonians. The procedure would be similar to
that of the ADM formulation of general relativity, with
an important dierence: Since the extra dimensions do
not transform under the same dieomorphism group of
the brane-world, the Poisson bracket structure does not
suer the same propagation problem. Instead, it behaves
dierently under the brane-world coordinate transforma-
tions and under the transformations of the extra coor-
dinates. Therefore, the evolution of a functional F in
phase space relative to a single extra dimension A, given
in terms of Poisson brackets as











propagates covariantly along the evolution of the system.
Thus, a canonical quantization may be dened for each
separate HA associated with an operator H^A acting on
a Hilbert space. The quantum states of the embedded
brane-world correspond to the superposition of all states
Ψij(A).
As a naive example consider that the quantum states





Then the probability of a brane-world to be in an em-





where the integral extends over a volume in VD with a
base on a compact region of Vn and a nite extension
of the extra coordinates, such that it does not break the
limit  of regularity of the embedding functions.
Although very little is known about the quantum
states of geometry, topological changes such as the emer-
gence of handlers, black holes and wormholes, induced by
the probability transitions, are expected to occur from
high energy oscillations [15]. For example, if A and B
are both space-like extra dimensions, then, the classical
limit of the probability transition < Ψij (A); Ψk` (B) >
corresponds to a transition from a perturbation of Vn
along A to a perturbation along B. An observer in
Vn may interpret the result as the emergence of a space-
like handle. On the other hand, if A and B have both
time-like signatures, then the classical limit would cor-
respond to a closed loop involving two internal time-like
parameters.
When A and B have dierent signatures, the tran-
sition probability must take into account the changes of
signature. Considering again the Kruskal brane-world ex-
ample, regarded as a geodesically complete perturbation
of the Schwarszchild space-time, we may t both space-
times in the same dynamical six dimensional flat space,
provided a quantum signature transition at the horizon
is considered.
V. GAUGE CONFINEMENT AND EXTRA
DIMENSIONS
The symmetry of the extra dimensions is somewhat
obscure in brane-worlds. This is in part due to the fact
that most of current discussion is concentrated on mod-
els with a single extra dimension. Clearly, when we have
many extra dimensions this symmetry must be specied.
From the point of view of strings/M-theory, all internal
symmetries derive from the string group (e.g. E8  E8
or SO(32)), and additional symmetries on the extra di-
mensions are not required or even wanted. Quite on the
opposite, Kaluza-Klein theory requires a maximal sym-
metry for the extra dimensions.
In brane-worlds the gauge interactions remain conned
independently of the state of the embedded geometry,
suggesting that the gauge group is also independent of
that state. This property may be realized by the sym-
metry of the extra dimensions when D  6. Indeed, as it
can be seen from (9) among the three basic eld variables
involved in (5), AiAB does not propagate along A. To
nd the physical meaning of these variables, consider that
the space generated by the extra dimensions has a cer-
tain number of Killing vector elds. Then we may apply
the relevant, but little explored fact that AiAB transform
as the components of a gauge potential under that group
of isometries. This can be easily seen from the transfor-
mation of the mixed component of the metric tensor, of
VD under a local innitesimal coordinate transformation
of the extra coordinates but leaving xed the coordinates
of Vn:
s0A = sA + A with i = 0; and A = AM (x
i)sM
where AB are innitesimal parameters. Denoting generic
coordinates in VD by fxµg = fxi; sAg, it follows that [17]


















Using A,B = 
A
B(x




A0iAB = AiAB − 2gMNAiM [AB]N + gMBMA,i (30)
showing that in fact AiAB transform as the components
of a gauge potential where the gauge group is the group of
isometries of the extra dimensions. Therefore, although
not as part of current models, it natural to use AiAB as
the conned gauge potential when D  6.
It is well known, that any space-time Vn may be locally
embedded into a manifold VD, with D  n. The number
of extra dimensions N = D−n depends on the geometries
of Vn, VD.
The simplest examples are given those of space-times
locally and isometrically embedded in a flat space MD,
where the embedding is given by analytic functions [18].
The analytic assumption greatly simplies the embed-
ding and it implies that 10 dimensions are sucient. In
brane-worlds it is not obvious that the analyticity con-
dition will hold under the supposition of quantum fluc-
tuations. Nonetheless, it seems reasonable to assume
that the embedding remains at least dierentiable, as
a solution of (5). In this case, it has been shown that
the limiting dimension for a flat embeddings changes to
14, or, more generally for an n-dimensional submanifold
n(n + 3)=2, with a wide range of compatible signatures
[19]. Therefore, except in the ve-dimensional cases, we
may use the gauge degree of freedom to determine the
number of extra dimensions, such that AiAB is the con-
ned gauge potential.
Taking the standard model SU(3)SU(2)U(1) act-
ing on a seven-dimensional projective space, identied
with the space generated by the extra dimensions, we ob-
tain as in Kaluza-Klein and supergravity theories an 11
dimensional space, which may be realized in a flat bulk.
On the other hand, it has been suggested that the new
physics occurring at the TeV may require a larger gauge
group [20]. If we take this into account along with the
motivations for SO(10) GUT, the dierentiable embed-
ding gives a fourteen-dimensional flat bulk with signature
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(11; 3) where AiAB acts as a self-contained and conned
SO(10) gauge eld.
Obviously, under this self-contained gauge scheme a
smaller gauge group requires a smaller number of extra
dimensions and vice versa. For example, in six dimen-
sions with signature (5; 1), we obtain the gauge group
SO(2)  U(1), where AiAB behaves as a conned elec-
tromagnetic potential in the mentioned Kruskal’s brane-
world example.
Regardless of the topology of the extra dimensions we
need to consider how far they can be probed by gravi-
tons in such a way that the embedding equations hold
through. Currently there are two approaches to the prob-
lem: In [2] the volume of the space probed by gravitons
is determined by the addition of boundary terms to the
Einstein-Hilbert Lagrangian and the inclusion of a radion
a eld in the brane-world metric. On the other hand, the
derivation of the size in [1] assumes that the bulk has
a xed product topology, where the volume of the extra
dimensions is nite and it excludes the case of a single
extra dimension.
Here, for generality we have not specied a metric
ansatz and for compatibility with the embedding we have
not imposed any topological condition on the bulk. In or-
der to determine the size of the extra dimension under
these general conditions, consider a compact region in V4
and a nite volume V in the space generated by the ex-
tra dimensions limited by minimal boundaries, such that
it is eectively probed by gravitons. From our previous
discussion, to keep the regularity of embedding and wave
equations we require that the length of the extra dimen-
sions should not exceed . Thus, from (19) the Einstein-
Hilbert action integral for the brane-world in this region










where we notice that all integrands depend on xi and
sA, so that the indicated integrals cannot be separated.
However, for small oscillations of the brane-world such
that (sA)2 << sA < , and using (15) in an appropriate










From (16) we notice that gij still has a linear dependence
on sA. This can be eliminated without further imposi-
tions on sA by selecting a suciently smooth background
at the embedding neighborhood so that kijA  0. With







where M and MPl are respectively the fundamental and















The size predicted in [1] is recovered when K2M2Pl <<
1, which occurs within the suggested approximations.
Clearly, we cannot make such approximation in the gen-
eral case without imposing limitations on the brane-world
oscillations.
Perhaps, instead of sizes it would be more appropriate
to talk about wavelengths. Supposing that the extra-
dimensions are probed by gravitons with quantum of en-
ergy E = hc= and comparing with Planck’s energy,




Thus, setting E = 1TeV , the upper limit of the wave-
length is   10−17cm, which corresponds indeed to a
very high frequency gravitational wave. Since this wave-
length is related to the brane-world geometry by  = A ,
where (A)2 << A, it follows that the size of the extra
dimension can be much larger than that limit.
VI. SUMMARY
We have investigated the most general geometrical sce-
narios in which a brane-world program compatible with
the hypotheses of embedding, connement and the ex-
istence of quantum states may be implemented. Our
analysis is independent of any previous choice of geom-
etry, topology, number of dimensions and signature for
the bulk. However, we have used the natural assumption
that the brane-world geometry must remain an embed-
ded submanifold oscillating between minimal boundaries.
Some of our conclusions hold only when the bulk has at
least six dimensions and consequently they do no apply
to some popular ve dimensional models.
Our rst result consists in the derivation of a general
dynamical principle for brane-worlds. We have shown
that the Lagrangians for the bulk and for the brane-world
geometries dier by a term, which depends essentially of
the extrinsic curvature. The implication of this is that in
general the bulk responds to the dynamics of the brane-
world and consequently it has a variable geometry. This
dynamical embedding should be contrasted with some
examples where Einstein’s equations are derived directly
from (5), in a bulk with xed topology and geometry.
It is also possible to add to (19) powers of scalar func-
tions constructed with the curvature tensors to obtain
higher derivative Lagrangians, provided we also take in
account the corresponding powers of the extrinsic curva-
ture term.
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Using the fact that the extra dimensions do not obey
the same symmetry of the four-dimensional brane-world,
we have derived a non-trivial canonical structure and sug-
gested a canonical quantization of the brane-world rela-
tive to the extra dimensions based on the Hamiltonians
HA.
When the bulk has at least six dimensions, a conned
gauge eld is contained in the embedding structure. This
novel connement mechanism appear in the form of one
of the basic embedding variables AiAB . When we iden-
tify this eld with the physical gauge eld we obtain also
the number of extra dimensions: For the standard model
it was found that the self-contained gauge structure re-
quires at least 11 dimensions. On the other hand, the
SO(10) gauge group implies in 14 dimensions, which can
be realized by a flat bulk.
Five dimensional models are not excluded from our
analysis but since they do not contain the eld AiAB, the
conned gauge elds need to be introduced by hand on
top of the embedding (and hopefully compatible with it).
The equations can be derived from the general case by
setting D = n+1, A; B    = n+1, gAB = gn+1 n+1 = 1
and gi n+1 = 0. Only the rst two equations in (5) remain
and are required to obtain a Lagrangian similar to (19),
suitable to describe the evolution of the brane-world with
respect to the single (n + 1)th-dimension.
One additional diculty associated with perturbations
of hypersurface brane-worlds in a constant curvature bulk
is due to a general result in geometry, stating that if
a hypersurface has more than two nite curvature radii
i, then it becomes inderformable [10]. This means that
there is a certain degree of stiness associated with per-
turbations, preventing the generation of more compli-
cated congurations of the embedded geometry.
The typical size of the extra dimensions compatible
with the embedding was found to be close to the one
predicted with product topology, as long as we remain
in the linear regime of perturbations in a very smooth
background.
We have not included some relevant questions concern-
ing Einstein’s equations, such as the inclusion of a cos-
mological constant and the implications of the extrinsic
term in (19). Problems related to brane-world cosmol-
ogy become interesting under the Lagrangian (19), where
this extrinsic term will contribute to the modication of
Friedman’s equation, as will be presented in a subsequent
paper.
ACKNOWLEDGMENTS
The authors wish to acknowledge the stimulating dis-
cussions on the subject with Drs. P. Caldas and Vanda
Silveira.
[1] N. Arkani-Hamed et Al, Phys. Lett. B429, 263 (1998),
Phys. Rev. Lett. 84, 586, (2000)
[2] L. Randall & R. Sundrum, Phys. Rev. Lett. 83, 4690
(1998); ibid 83, 3370 (1999)
[3] I. Antoniadis, Phys. Lett. B246, 377, (1990); P. Horava
& E. Witten, Nuc. Phys. B475, 94 (1996); I. Antoniadis
et al, Phys. Lett. B346, 257 (1998).
[4] K. Akama, Pregeometry, in Gauge Theory and Grav-
itation, Lecture notes in Physics 176 (Springer Verlag
(1983)), hep-th/0001113; V. A. Rubakov & M. E. Sha-
poshnikov, Phys. Lett. 125B, 136, (1983); M. Visser,
Phys. Lett. 159B, 22 (1985), hep-th/9910093.
[5] D.W. Joseph, Rev. Mod. Phys. 37, 225, (1965); Y.
Ne’eman, ibid page 227; T. Regge & C. Teitelboim,
C. Relativity a la String Proc. Ist Marcell Grosmmann
Meeting, Trieste (1975); A. Davidson, Mod. Phys. Lett.
2, 869 (1985); M. D. Maia & W. Mecklemburg, Jour.
Math. Phys. 25, 3047 (1984); M. D. Maia, Phys. Rev.D
31, 262, and 268 (1985); M. Pavsic, Class. Quant. Grav.
2, 869 (1985); M. Pavsic, Phys. Lett A116, 1, (1986);
G.W. Gibbons & D. L. Wiltshire, Nucl. Phys. B287, 717,
(1987); V. Tapia, Class. Quant. Grav. 6, L49, (1989); M.
Pavsic & V. Tapia, gr-qc/0010045.
[6] S. Giddings, Branification: an alternative to compacti-
fication, (hep-th/0002021); K. Akama, hep-th/0007001;
hep-th/0008133; hep-th/0009091; A. Mazumdar & A.
Pe`rez-Lorenzana, hep-th/0102174; D. Solomons, P.
Dunsby & G. Ellis, gr-qc/0102016; W. D. Goldberger
& I. Rothstein Phys. Lett B475,275,(2000); S. Nojiri, &
S.D. Odintsov, Phys. Lett. B484, 119, (2000)
[7] Zurab Kakushadze & S.H Henry Tye, Nucl. Phys. B548,
180 (1999); A. Pe´rez-Lorenzana, hep-th/0008333; B.
Carter, hep-th/0012036
[8] T. Tanaka, J. Garriga, Phys. Rev. Lett. 84, 2778, (2000);
T. Shiromizu, K. Maeda & M. Sasaki, Phys. Rev. D62,
024012 (2000); P. D. Mannheim, hep-th/0009065; A.
Davidson & P. D. Mannheim, hep-th/0009064; D. Lan-
glois et al, hep-th/0012044;
[9] N. Deruelle et al, hep-th/0010215
[10] L. P. Eisenhart, Riemannian Geometry. Princeton U. P.
Princeton, N.J. (1966)
[11] J. Nash, Annals of Maths. 63, 20 (1956); R. Geroch,
J. Math. Physics, 12, 918 (1971); J. M. Stewart & M.
Walker, Proc. Roy. Soc. London. A341, 49 (1971); R. H.
Gowdy, J. Math. Phys. 22, 988 (1981)
[12] D. R. Brill & J. B. Hartle, Phys. Rev. B135, 271, (1964);
R. A. Isaacson, Phys. Rev. 166, 1263 (1968); V. D. Za-
kharov, Gravitational Waves in Einstein’s Theory, Hal-
sted Willey, New York (1973)
[13] O. Klein, Nature, 118, 516, (1926)
[14] A. Chamblin & G. W. Gibbons, hep-th/9909130; C.
Barcelo & M. Visser, hep-th/0004022
[15] S. Hawking, Phys. Rev. D37, 904 (1988); A. P. Balachn-
dran et all, Nucl. Phys.B446, 299, (1995); F. Dowker &
R. D. Skirme, Class. Quant. Grav. 115, 1153, (1998); J.
L. Friedman & R. D. Sorkin, Phys. Rev Lett. 44, 1100
(1990) S.W.Hawking, T. Hertog &H.S. Reall, Phys. Rev
D62,043501, (2000)
[16] C. Fronsdal, Phys. Rev. 116, 778, (1959)
[17] M. D. Maia, Class. Quant. Grav. 6, 173 (1989); E. M.
8
Monte & M. D. Maia, J. Math. Phys. 37, 1972 (1996)
[18] E. Cartan, Ann. Soc. Pol. Mat 6, 1, (1927); M. Janet,
Ann. Soc. Pol. Mat 5, (1928)
[19] R. Greene, Memoirs Am. Math. Soc 97, (1970).
[20] S. Dimopoulos & G. Landsberg, hep-ph/0106295;
S.Giddings & S. Thomas, hep-ph/0106219
9
